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Abstract:

Develop the Mittag-Leffler function of Fractional Differential operators with the Appell’s function as a kernel.
Also develop some new type of fractional integral equations of Mittag-Leffler as special case.

INTRODUCTION
In the year 1903, the Swedish mathematician Mittag-Leffler was given E,(z) in form
Eq(z) = Yoz OF(an+B) (a € C; R(a) > 0) (1.2)
In the year 1905, Wiman A. (1905) introduced the generalization of E,(z) in the form
Ees(®) = Sicorayg (@B € G R, R(B) > 0) (1.2)
Which is called the generalized Mittag- Leffler function.

In the year 1971, Prabhakar T. R. The generalization of E,(z) in the form
Mittag-Leffler function EY B(z) as

EXp(2) = Srco s (1.3)
Where (y), denotes the Pochhammer symbol provided by
['(y+n)
an=yY(y+D(y+2).y+n-1)= ————
Wn = v (v Y Y )

And o, B,y € C; R(a) > 0,R(B) > 0.

By the same fashion in the year 2012, Dorrego and Cerutti gave us another generalization
of Mittag-Leffler function EK’“‘B(Z) as
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B (@) = Do ms T (1.4)

Ik(an+) n! ’

Where a,B,y € C; R(a),R(B) ,k >0and (y),k is k-Pochhammer symbol provided by
Diaz and Pariguan (2012) as
[k(y + nk)
W = Y&+ +2K) .. (v + (0= D) = —————
L (v)
And I} the k — Gamma function given by

(o] tk
Ni(z) = [, t*"te” ® dt,R(a) > 0.
Which is also known as k- Mittag- Leffler function.

In the year 2017 Cerutti et. al, generalized the Mittag — Leffler (p-k) function pEK’a‘B(Z)
was defined as

(Vnk z°
kq B(Z) = Zn 0 Flr:(ocnﬂl;) n! (15)

Where o, B,v,z € C; R(a), R(B),, R(Y) > 0; p,k € R*\{0} and pM)nk js the Pochhammer
(p-k)-sympol given by Gehlot K. S. (2017) define as

r
YP\ (YP Yp Yp p k(y + nk)
WMk = (2Z) (=2 — — = —_—
PO = () (o +9) (o + 20) - (o (0 = 10p) = 55
And p'«® s defined as
£k
p'k(z)= [[t*Te ® dt, (z € C\KZ7;p,k € RF\{0})
In the year 2020, Ayub et. al. introduced one more generalization of equation (1.5) called
the Mittag-Leffler (p,s,k) function as
p(V)nks Zn

PEp,p(2) = X5 0 S ToR @B (1.6)

Where k,p € R,a,B,y € C, Re(a) >0, Re(B) ,Re(y) >0 andp(V)"'k's is the
Pochhammer (p, s, k)-symbol given by Gehlot and Nantomah (2018) as
n-1
Yp Yp 14% Yo .
( )n, , S — —_— —_— —_— J— ] —_—
pVink [k]s[k +p]s...[k + (n 1)p]s H[k-l_lp]s'
i=0

Sy

Where [y]s = 11__5, VYERO<s<1.

And p'skgamma (p, s, k)-function in the form of

$
1o t+1 -1
k@ — S i TP )
kn—>oo p(f)n,k

These following well-known definitions and results are essential for the study:
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Definition (1):

Generalization of Wright hypergeometric function pWq [Z]

-9/k P
k( ) / 1W1 Z(sp) (k’l)

pE,f“;’a(z) = 9 o 1.7)
) 2y
k' k

Definition (2):

Generalization of Fox H-function
-9/k p

k(P -, 1
PEES o) = 1 it (i) (1.8)

r(%) 12 |—2z(sp)" * 0.1), ( 9 9)

"k
In the year 1935, Wright E. generalized hypergeometric function p¥q [z] in the form
(a'll al) (ap; ap)

(b1, B1), (bqrﬁq)

r(ay+ain)...r(ap+apn) z"

p¥q [z] = p¥q

= Z?]? 0 F(b1+[§’1n) F(bq+[§’qn) Tl' (19)
_ plp l (1=ay,ar), e, (L — @y, )
p,q+1
(0;1); (1 - bll Bl)l T T (1 - bq’ ﬁq)

Where z€C, al-,bj € R* and ai,ﬁj € R* ,ai,ﬁj #0;i= 1,2,...,p;j:1,2,...,q..

The generalized fractional integral operator introduced by Saigo and Maeda associated
by the appell function F; in the form

(155227 F) oy

F()f(x—t)ylt“Fg(aa BBy, 1-2,1-3) f(t)dt (1.10)
Where (Re(y) >0)
And

(10« BE"Y f)(x)
(e’ 8,51, 1-2,1=3) f(at (1.11)

I"()/)
where(ﬂ%e(y) >0)

Where a,a’,8,B',y,€ C andx > 0.
In the year 1998, Saigo and Maeda define fractional differential operators in the form

( paa BB, yf)(x)—(_a —a, BB, yf)(x) (1.12)
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_ (:_x)m (Io_f’,_a,ﬁ’+m,—ﬁ,—y+mf) (x) (Dg,a"ﬁ.ﬁ'#f) (x) =
(17 b £) ) (113)

d m
— (_E) (I:a’,—a,—ﬁ’,—ﬁ+m,—y+mf)(x)

Where (R(y) > 0;m = [R(y)] + 1).

We obtain a corresponding relationship if we take a =a + f,a' = ' =0, f=—nandy =
« in above equations

U POmm04r) () = (1657 £) o) (1.14)

And (I8TBOm0a £y (x) = (J%B1f)(x) (1.15)

In the year 1978 Saigo define fractional integral operator and is denoted by I“ﬁ"
(D POM% ) () = (D™ f) () (2.1.16)

(DE+BOTmOa ) (x) = (DEFf) (x) (1.17)

Corollary 1. In the year 1998, Saigo M. and Maeda N. Let a,a’,3,8’,v,p, € C be such
thatR (y) >0and R (p) >max {0, R (a' — B'), R(a+ a' + B — y)} then we get

a,a’,ﬁ,ﬂ’,y p—1 — F(P)F(P_a,+BI)F(p+V_a_al_ﬁ) p—a—(x'+y—1
(123 )W) = oG5 (1.18)
Corollary 2. In 1998, Saigo M. and Maeda N .Leta, a’, 8, B',v, p, € C be such that R(y) >
0 and R(p) <1 + min { R (-8), R (e+a’"—v), R (atpB' —y)} then we get

ada BBy vp—1 r(i+a+a’—y-p)r(+a+p’'-y-p)r(1-B-p) xP—o- a'+y-1
(I— x )(x) r(i-p)r(i+a+a’+p'-y—-p)r(1+a—p-p) (1'19)

2. Main Results

Here we develop some results of Mittag-Leffler function according to the Saigo-Maeda
fractional integral equations of generalized Wright function

Theorem 1. Let v, p".9.9.49",y,p,0;,u;,9;,0, € C with
R(01) ,R(6;), R, R(w; ), R(y) > 0 and R(p) > max{0,R(a’ - '), R(a +a'+ B —y)}
andt>0, p;,q; k;,s; >0,Vi=1,2,..,r, then left sided fractional integral formula holds

r r k.(r.p.q.)_ﬁi/ki

| | airi _ +y—a—-a' -a'’ -1 | | it
piEki,ei.ﬁi.#i (t) ) (t) - tp y-a-a-a I" (ﬁ)

i=1 ki

0+

(Iaa’a”ﬂﬁ B"Y pp-1

i=1

(Zi 1) (p,r),(p—a’—a”+B"+,8’,r),(p+y—a—a’—a"—B,r)

(‘9 91“1

0:
1-—-
(TiPiQi)( ki) t"fr (2.1)
K k K: ) ,(p+ﬁ'+[>’",T),(p+)/—a’—a',7'),(p+]/—a'—a’”—ﬁ,r)

X r+4Wr+4

Proof. We have by the order of integration and summation of Mittag-Leffler function of
(1.6), we get (say F;)
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o pi(gi)n., 1 ro
(F) = {:1 {ZHFOWMF} (I(()x+a a'.B.B'B" Y gnir+p+q- 1) ) (2.2)
pl: [ Aahe % L
Now, with the help of result (1.19) into (2.2) to obtain
(F1)
T

- 1_[ Zw P 1 T+nr)l(p+nr —a' —a” + '+ B
ni=0 p; ok MOFIFUD I T(p+myr + B+ BT (p+ mr+y — a— a' — a”)

i=1

rp+nr+y—a—a' —a" —p) (prnrry—a—a'—a''-1 2.3)
rp+nr+y—a —a" —p)
By includind the result of (1.7) and (1.8) into (2.3), we get
(F1) ;
r ) 2L .
_ oyad a1 1—[ ki (ripiq;) 0% z 1 d (ki + "‘) I'(p+nr)
= 0! T((i6; + 9+ )/k) T(p +mir + B'+ B)

sl T(@)

r(p+nir—a’'—a"’ +p'+p'"\r(p+nir+y—a-a’'-a''-p) (1—ﬁ) "
X : l <(ripiQi) ki tr> }(2-4)

r(p+nir+y—a—a’'—-a')r(p+nir+y—a’'—a'’ - p)

Finally, we obtained at the right hand side of result (2.2) after the re-insertion of the above
series, which was in the form of generalized Wright hyperactive geometric function
defined by (1.11).

Corollary 1. By equation (1.10), then we get the Fox H-function:

T r

rorr el 0o k'(T'p'Q')_ﬁi/ki
aa,a" BB .B"y | | 0;,S; _ —a—a''-a'- | | i\ViViYi
i=1 ki

i=1
X
1,r+4 (1—2_:,1)1 (1-p,7), (1 —p+a'+a''-p' 8", ‘r') (1 —p—v+ata +all+ﬁ_r) (1_%) )
Hy i aris 9: 0 —(rpig) Mt
(0'1)*(1_;(_1,(_1,(_1) (=p =B'+B"+7),(1-p -y +a+a’+a' r),(1-p-y+a'+a'' +B,1)
Theorem 2. Let a,a',a",B,B",B"y,p,0;,9;, ui,o; € C with

R(0),R(O), R(w;) , RO , R ), R(y) >0, Rp) <1 +mm{iﬁ( B),R(a+a’ +
a’,—y),R(a—-p'—-B" —y)} and ¢,p;q; kl,rl >0, Vi=12,..,r, then the right sided
fractional integral formula holds

_19,:

r N

Iaa’a”ﬁﬁ' By ep-1 p EOiTi (t) = tP=a- a' +a +y-1 ki(ripiq) ¥
k00014 F(ﬁ)
ki

i=1
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. 9;

(%,1) J(1-p-B.1),(1-p + a+ a’'-y,r),(1-p+a+p'+B" -y, 1) (r-p-q~)(1_k_;)

X rsaW o b))’ v
AT o p

(—‘,—‘,'#—‘) ,(1-p,r),(A-p+a+a’+B'+B" —y,r),(1-p+a—B,r)

kil ki )y,

(2.5)

t?"

Proof. We have by the order of integration and summation of Mittag-Leffler function it is
define as

1 1o

o pi(di)ni,ki i
FZ = H{:l {Znizo p.FSi’ki (ni9i+19i+'y'i) n_l'} (Igra ,x
Now, with the help of result (1.19) into (2.6) to obtain

F
ﬁ{zw P 1 }F(l —p— B (A—p+nr—y+atp +B")

ng=0 p; rvky Ot ditimi) | TA—-p+nnrd—-p+nr—y+a+a +a")

BBy tp=nir=1) () (2.6)

=1

r(1-p+nr—y+a+a’+a’’) tpnir—a—a’+a'’ +y-1 (2.7)
r(1-p+n;r+a—p) )

By including the result of (1.7) and (1.8) into (2.7), we get

O'i i
1 T (k_i”“) r(-p—-g+n;r)

ki(sip) "/ 4
ng! r((n0;+9)/ky) I(1-p+n;r)

ki 200
(2 n;=0
F(ki)

8
rQ-p+nr—y+a+p +p")r(l—-p+nr—y+a+a +a’) (ripiql-)(l_k_i)
rl—p+nr—y+a+a' +a”)FrA—-—p+nr+a—p) tr

_ spty—a—a'-a' -1 qr
F, = tP¥Y Hi:l{

ng

Finally, we obtained at the right hand side of result (2.5) after the re-insertion of the above
series, which was in the form of generalized Wright hypergeometric function defined by
(1.11).

Corollary 2. By equation (1.10), then we get a new result in terms of Fox H-function:
R T | T O D TGRS
—9;
r_ 1 ki(rip; l-k_i
o-ea'-a +y-1nf=1{7“f(§)) H s
ki

(1—%,1)117.(p+,3,r),(p—d—ﬂ'—B"W'r)'(p_“_alw‘r) -@L)(l_)

S
3. Development of Some results of Mittag-Leffler function of Fractional Differential
operators

Theorem 1. Let a,a,a",B,B,B",v,p, 0i ;01,1 € C with
R(0),R(O), RO, R, RY),R(w) >0, R(p) >max{0,R(B - a), Ry —a—a’ -
a'" —p' —pB")}and t, p;,qik;, i >0,Vi=12,..,7 then left sided fractional differential
formula holds

6

o
(0-1%(1—,7}%) (o) (p+y—a—a'-a'" 1) (p-a+B.r)
1,r
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Y

r ) ki(sp) " Fi
aa'a BB By 008 . [ i\ 2iri :
<D0+ te= {1_[ piEki'eirﬁi,'l‘i (t)D (€) = gpraveameary 1_[ r (ﬂ)
i=1

i=1 k;

a

(k—f,l) (p,r) (p+a—Br) (p+rat+a’+a'’ +B'+B" -y, 1) 9;
t 1,17
L

1—-L
X +3Wrs3 9.0 u (Sipi)( ki) t (3.1)
(BRAL) (p=Bir)(p+ata’+a~y.r)(p+a+f'+f"~yr)

i "/

Proof. By utilizing equation (1.6), we get (say F)

Fy = s oo iy o (o 88 o) 32)
Now, with the help of result (1.19) into (3.2) to obtain
P, = ﬁ {Z‘” }zi(ai)("i_";f 5 i} r(p+n)I'(p+nr+a—p)
L 1 ni=0 p;lsiki MOFID n\ T(p + mr = )M (p+ ir + @+ a’ + " —y)
r(p+nir-y+a+a’+a'’ +p'+p"") prmrtatia’ +a ~y-1 (3.3)

rp+nir+a+a’+p'+p'" -y)

By including the result of (1.7) and (1.8) into (3.3), we get

T . o g; .
F3 _ tp—y+a+a”+a’—1 1_[ ki(sipi)_ﬁl/kl z i r (kl + nl) F(p + nir)
i=1 r (%) = 0! I((6; +90) /i) (p +mr — )
i =

y rp+nr+a+a +a”"+p' =" —y)r(p+nr+a—p) s, -)(1_%)tr "
rp+nr+a+a +a”"—yY)rp+nyr+a+a —p' —p" —vy) iPi

At last, we obtained at the right hand side of result (3.1) after the re-insertion of the above
series, which was in the form of generalized Wright hypergeometric function defined by
(1.11).

Corollary 3. By the light of (1.10), then we get the new result in terms of Fox H-function:

Yi
T r — L
L "o k:(s:p;) ki
(D&_a BB B" Y- l{npl 13165119 (ﬂ}) (t) = tprata’’+a —y—ll_[ %H;}f;;iz;
; ,
i=1 F(_)

i=1 k;

(1 —‘1) (1-p,r),(1-p—a+B,r),(A-p—a—a'—a" -B'-B" +yr) 1_ﬂ
k .
(Sipi)( kl) t”

1,r
OD(1-FZHL), (A-ptBr)(p-amal=a"+yr) (-p—a=a'~§'~p" +y1)

Theorem 2. Let a,a,a",B,BB",v,p, 0; 9 0i,u; € C with
R(0:), RO, ROV, RGP, Ry ) > 0,R(p) < 1+ min{R(B"), R(y—a’ —p), R(y —
a—a'—a'")} and t ,p;, k;,s; >0, Vi=12,..,r, then right sided fractional differential
formula holds
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Y;

T T L

7 1 prr _ L G: 1 "o ki(sipi) ki
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Proof. By utilising equation (1.6) and after re-arranging the order of integration and
summation, we get (say F,)
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Now, with the help of result (3.1) into (3.5) to obtain
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By includind the result of (1.7) and (1.8) into (3.6), we get
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Finally, we obtained at the right hand side of result (3.4) after the re-insertion of the above
series, which was in the form of generalized Wright hypergeometric function defined by
(1.11).

Corollary 4. In the light of (1.10), then we get the new result in terms of Fox H-function:
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4. Some special cases

We develop some special cases results connected to Saigo-Maeda fractional integral and
differential operators, Saigo operators, Riemann-Liouville, Erdélyi — Kober operators etc

Corollary 5. Let the condition of Theorem 1 be satisfied withr =1, p;, = p,0; = 0,5, =
s, k; = k,0, =6 and 9; =9 we get:
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In above equation (4.1), if we take p = s = k = 1 we obtain similar results as provided by
Chouhan et. al. (2014).

Corollary 6. Let the condition of equation (2.1) be satisfied « is replaced bya + B,a' =
a'=p'"=p"=0, B=-n and y=ain (2.1), we get the new result -concerning
fractional integral equation:
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We correspond with the similar known results of Kabra and Nagar (2019).In above
equation (4.2), if we taker =1, p, = p,0;, = 0,5, =5, k; = k,0, =0and 9; = 9.
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The known result of Ahmed (2014) agree with the above equation (4.2), if we taker =1,
p1=p=1r01=0181=5= 1,k1=k=1;0-1=0-,91=6and191=19.

If 8 is replaced by — a the equation (4.2), we achieve results regarding Riemann-Liouville
fractional integral operator.

In the equation (4.2), if we take 8 = 0 we obtain results in connection with Erdélyi- Kober
fractional integral operator.

Corollary 7. Let the condition of equation (4.5) be satisfied withr =1, p;, = p,0;, = 09,5, =
s,k; =k, 0, =6 and 9, =9 we get
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In above equation (4.3), on putting p = s = k = 1 we get similar results as provided by
chouhan et. al. (2014).

CONCLUSION

In the present paper, we have develop the Mittag-Leffler function of Fractional Differential
operators with the Appell’s function as a kernel. Also develop some new type of fractional
integral equations of Mittag-Leffler as special case, if we put B=-a and =0 in equations
(1.12), (1.13), (1.14) and (1.15).
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